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ABSTRACT
The cosmic web defines the large scale distribution of matter we see in the Universe today.
Classifying the cosmic web into voids, sheets, filaments and nodes allows one to explore
structure formation and the role environmental factors have on halo and galaxy properties.
While existing studies of cosmic web classification concentrate on grid based methods, this
work explores a Lagrangian approach where the V-web algorithm proposed by Hoffman et al.
(2012) is implemented with techniques borrowed from smoothed particle hydrodynamics. The
Lagrangian approach allows one to classify individual objects (e.g. particles or halos) based
on properties of their nearest neighbours in an adaptive manner. It can be applied directly
to a halo sample which dramatically reduces computational cost and potentially allows an
application of this classification scheme to observed galaxy samples. Finally, the Lagrangian
nature admits a straight forward inclusion of the Hubble flow negating the necessity of a
visually defined threshold value which is commonly employed by grid based classification
methods.
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1 INTRODUCTION
The large scale distribution of matter throughout the Universe is
originally described by Bond et al. (1996) as the cosmic web, ex-
hibiting a filamentary structure with regions of increasing density
classified as voids, sheets, filaments and nodes. Cosmological nu-
merical simulations are used to explore the large scale structure and
have contributed significantly to the establishment of the ΛCDM
model of structure formation. Cold dark matter (DM) is said to
constitute ∼ 85% of the gravitating mass within the Universe, thus
understanding the kinematics of DM allows one to probe into the
evolution of the Universe in both the linear and non-linear regime.
We use pure DM simulations, neglecting the baryonic matter com-
ponent, to represent the N-body problem as a fluid under gravita-
tional evolution using the Vlasov - Poisson equations (Kuhlen et al.
2012).
Galaxy morphology has been shown to vary with the cosmic
environment (Dressler 1980; Blanton et al. 2005; Gao et al. 2005;
Faltenbacher 2010) and exploring this link is crucial to the devel-
opment of a consistent cosmological theory of galaxy formation
and evolution. Galaxy redshift surveys and DM N-body simulations
have shown a significant statistical correlation in filamentary struc-
ture with the different web types thought to be a result of small den-
sity perturbations in the early universe that have undergone gravi-
tational collapse.
Initial attempts to classify different web types with kinemat-
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ical information began with Hahn et al. (2007a); Arago´n-Calvo
et al. (2007a) and Forero-Romero et al. (2009) using Tidal Torque
Theory, evaluating the Hessian of the gravitational potential. Since
then, more sophisticated algorithms have been introduced to de-
scribe the topology of the phase space and identify substructure.
Arago´n-Calvo et al. (2010b) used the SpineWeb framework based
on the watershed algorithm (Platen et al. 2007) to segment the den-
sity field. Falck et al. (2012) showed that one is able to classify mor-
phological structures using the ORIGAMI method: counting the
number of orthogonal folds in the Lagrangian phase space sheet.
Various methods have borrowed techniques from discrete Morse
theory (Colombi et al. 2000) using the Delaunay Tessellation Field
Estimator (Schaap & van de Weygaert 2000) to identify substruc-
ture in the the cosmological density fields (Arago´n-Calvo et al.
2007a; Sousbie 2011; Arago´n-Calvo et al. 2010b).
Hoffman et al. (2012) introduced a classification scheme
based on the shear of the velocity field (V-web) and showed it is
able to improve on the resolution of the tidal tensor based method
(T-web), resolving smaller structures which allows one to better
study halo properties. DM simulations are characterised by the den-
sity and velocity fields with these two fields being related by Eq. 1,
the familiar mass conservation equation1:
1
ρ
Dρ
Dt
=−(∇·~v) . (1)
Hoffman et al. (2012) provides evidence of the velocity divergence
1 Dρ
Dt =
∂ρ
∂ t +~v·∇ρ is the comoving derivative
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field tracing the density field; a divergent velocity field being as-
sociated with under-dense regions. The velocity field can also be
used to trace the cosmic web backwards throughout time providing
one with better insights into the initial conditions of the early uni-
verse (Frisch et al. 2002). Bond et al. (1996) showed that the strain
field of the fluid is directly related to the filamentary structure of
the cosmic web. Thus, the velocity shear tensor is closely related
to the density field as it is a measure of the strain of the DM fluid,
represented by the diagonal elements of the shear tensor. The classi-
fication algorithm given by Hoffman et al. (2012) uses information
regarding the strain of the fluid, given by the shear tensor, to clas-
sify the cosmic web according to the number of eigenvalues of the
symmetric shear tensor greater than a given threshold value. Clas-
sifying the cosmic web allows one to explore how different web
types affect halo properties (Hahn et al. 2007a,b; Arago´n-Calvo
et al. 2007b, 2010a; Libeskind et al. 2012a; Cautun et al. 2012;
Libeskind et al. 2012b; Cautun et al. 2014) and the galaxies within
the halos (Nuza et al. 2014; Metuki et al. 2014).
The aim of this article is to compare existing cosmic web clas-
sification methods with a new approach using a smoothed parti-
cle dynamics (SPH) formalism borrowed from the SPH simulation
technique that incorporates information from locally defined neigh-
bours to construct the velocity shear tensor. The approach can be
applied to halos directly and produces statistics consistent with cur-
rent literature (Hoffman et al. 2012; Cautun et al. 2012; Libeskind
et al. 2012a,b; Metuki et al. 2014; Nuza et al. 2014). The method
allows one to easily incorporate the Hubble flow, which is difficult
to account for in grid based approaches. Thus, by accounting for
the expansion between particles, it is shown that a natural expla-
nation can be given for the threshold value adopted in grid based
approaches.
2 THE SIMULATION
The following analysis is based on a N-body simulation employ-
ing the GADGET-2 simulation code (Springel 2005) with a cube
length of 64h−1Mpc, a total of 10243 particles and a particle mass
mp = 2.1×107h−1M. Each particle is comprised entirely of dark
matter and the collisional component is ignored. A ΛCDM cos-
mological model with Planck 2013 parameters was used such that
at z=0 the total matter density Ωm = 0.31 , cosmological con-
stant ΩΛ = 0.69, baryon density ΩB = 0.049, Hubble constant
H0 = 100h kms−1 Mpc−1 and Hubble parameter h = 0.678. The
primordial power spectrum index, n=0.961 with a normalization
value σ8 = 0.826. Classifications were performed at a redshift of 0.
3 METHOD
This section revises the cosmic web classification scheme based
on the velocity shear tensor given by Hoffman et al. (2012) and
discusses the implementations for the Eulerian and the Lagrangian
methods using the full set of simulation particles. Subsequently,
we demonstrate that the Lagrangian method can be easily applied
to the halo sample, forgoing the need to interpolate the halo classi-
fications from the grid cells. The section concludes with a discus-
sion on the implementation of the Hubble flow which effects a shift
of the eigenvalues and, by extension the threshold value needed,
permitting a more natural interpretation of the eigenvalues of the
velocity shear tensor.
3.1 Web Classification Using The Velocity Shear Tensor
The rate of deformation of a fluid is a result of velocity gradients. In
3-dimensional cartesian coordinates, the deformation tensor can be
expressed as ∂vα/∂ rβ for α,β = x,y,z. One is able to decompose
the rank 2 deformation tensor into its shear (symmetric) and vor-
ticity (anti-symmetric) components respectively to obtain Eq. 2.
∂vα
∂ rβ
=
1
2
(
∂vα
∂ rβ
+
∂vβ
∂ rα
)+
1
2
(
∂vα
∂ rβ
− ∂vβ
∂ rα
) (2)
The shear tensor is of particular interest as the diagonal ele-
ments represent the strain (rate of compression or expansion) along
a given eigenvector. Hoffman et al. (2012) defines the symmetric
component of the deformation tensor as the V-web velocity shear
tensor, Σαβ , scaled by the Hubble constant as:
Σαβ =−
1
2H0
(
∂vα
∂ rβ
+
∂vβ
∂ rα
)
(3)
Exploiting a mathematical property of tensor symmetry, the trace
of shear tensor is equal to the sum of the eigenvalues and is propor-
tional to the rate of change of density within the simulation for a
comoving observer, since:
Σα α = λ1 +λ2 +λ3 =−
1
H0
∂αvα =
−(∇·~v)
H0
∝
Dρ
Dt
(4)
where here we have denoted ∂αvα = ∂vα/∂ rα while employing
summation notation. Defining the V-web shear tensor with a nega-
tive sign (Eq. 3 ) and sorting the eigenvalues so that λ1 ≥ λ2 ≥ λ3
allows for a useful interpretation as now the largest eigenvalue cor-
responds to the eigenvector with the fastest rate of collapse. Clas-
sification of the cosmic web into four possible environments for
dark matter phase space elements is done by counting the number
of eigenvalues above a threshold value λ th. Historically, λ th has
been chosen by visual inspection of the cosmic web with a popu-
lar value being λ th = 0.44 (Hoffman et al. 2012; Libeskind et al.
2012a,b) however this value may vary with different simulation pa-
rameters. Voids, sheets, filaments and nodes correspond to 0, 1, 2 or
3 eigenvalues greater than the threshold value respectively. Observe
that when all three eigenvalues are greater than λ th, all 3 axes are
collapsing yielding a node classification while voids are classified
with zero eigenvalues greater than λ th indicative of an expansion
along all 3 axes. Filaments exhibit a characteristic collapse along 2
axes with an expansion along the third while sheets collapse along
1 axis and expand along 2 axes.
3.2 Grid Based Method
In order to obtain a benchmark model for the subsequent develop-
ment of the Lagrangian based approach, we first present a classifi-
cation based on the traditional grid based method. For that purpose,
the velocity and density fields are constructed on 1283, 2563 and
5123 grid sizes using ‘clouds in cells’ (CIC) interpolation over 2
cell lengths.
Increasing the grid size for a fixed particle number inevitably
causes empty cells within the grid, particularly at a redshift of zero.
The empty cells have an associated zero velocity and impact the
CIC algorithm significantly at large grid sizes. For the 2563 grid,
we find one empty cell in the entire simulation volume whereas
for the 5123 grid there are ∼ 2× 106 empty cells. This is reme-
died by assigning a mass averaged velocity to the empty cell using
the neighbouring cells contained within a sphere of 3 cell lengths.
MNRAS 000, 1–11 (2015)
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Figure 1. Top: The PDFs for eigenvalues using varying grid sizes: 1283 (Left), 2563 (Middle) and 5123 (right). λ1 is given by the green solid line, λ2 is given
by red dashed line and λ3 is given by the blue dot-dashed line. Middle: The PDFs for Lagrangian based eigenvalues using a varying number of neighbours: 16
(Left), 32 (Middle) and 64 (right) with the same line properties as above. Bottom: Lagrangian based PDFs for the 10243 particles incorporating the Hubble flow
into the velocities before the shear is determined, using the same neighbour numbers and line properties as above. Distributions are approximately log-normal;
a finer mesh is attributed with shorter smoothing lengths or fewer neighbours (neglecting the Hubble flow).
Empty cells are generally located in under-dense regions where the
fluid experiences little or no turbulence, thus, the solution is be-
lieved to be a reasonable approximation for laminar like flow.
To remove numerical artefacts introduced by the CIC interpo-
lation, the fields are smoothed with a gaussian kernel using σ = 1
cell length. For simplicity, the derivatives are evaluated in k-space
after employing a Fast Fourier Transform of the velocity field. Each
grid cell then has an associated shear tensor and a set of 3 eigenval-
ues for classification.
3.3 Lagrangian Method Applied To Dark Matter Particles
An alternative to grid-based, Eulerian methods for analysing fluid
flows is the Lagrangian SPH approach first pioneered by Lucy
(1977), Gingold, R. A. and Monaghan (1977) whereby the con-
MNRAS 000, 1–11 (2015)
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Figure 2. Changing λ th and its effect on the N f of classified web types for the DM particles (top) and halos (bottom) without (left) and with (right) Hubble
flow. Threshold values are given by the black vertical lines at λ th = 0.44 and λ th = 0.0 excluding and including the Hubble flow respectively. Nodes are shown
by the solid blue line, filaments are dashed green, sheets dot-dashed red and voids dotted magenta. Number fractions are very similar at any threshold value
both with and without Hubble flow when shifting the Hubble flow threshold value by ∼−0.44.
tinuous fluid is divided into a set of N discrete fluid elements that
are followed throughout the simulation while under the laws of hy-
drodynamics. SPH methods have long been used for a wide range
of astrophysical problems and, due to its Lagrangian nature, the
numerical solutions do not suffer from advection errors, possesses
good conservation properties and over-densities can be dynami-
cally resolved, see Hernquist & Katz (1989); Valdarnini (2012);
Springel (2010) and references within. By analogy one may use a
Lagrangian, grid-free, SPH-kernel based method instead of a grid-
based, Eulerian method for computing the gradients of the velocity
field. In the following, we will address this method as the smoothed
particle dynamics (SPD) approach which uses SPH-kernels exclu-
sively for the computation of dynamical quantities.
The SPH-approach employs a particle representation of the
fluid where each particle has a given mass and an associated vol-
ume. The physical properties of the fluid at a given position r,
which may be the location of a particle itself, is then given as a
function of the properties of the neighbouring particles located at
r′ within the smoothing length, h. The smoothing length is an adap-
tive quantity in that it is commonly chosen to be distance to the nth
neighbour. The neighbouring particles’ properties are weighted by
a kernel function W (r,h) with r = |r− r′|. Any smoothed interpo-
lated field Fs(r) of some field F(r) in x dimensions is defined as
Fs(r) =
∫
F(r′)W (|r− r′|,h)dxr′ , (5)
where W (r−r′,h)→ δ (r−r′) in the limit as h→ 0. This is essen-
MNRAS 000, 1–11 (2015)
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tially a convolution of the neighbouring particle properties with the
kernel.
In this work we adopt the cubic spline given by (Springel
2010) with W (r,h) = w(q)/hd , d is the dimension and q = r/h.
In 3 dimensions the kernel is given by
w(q) =
8
pih3

1−6q2 +6q3, 0≤ q≤ 12
2(1−q)3, 12 < q≤ 1
0, Otherwise
(6)
with the kernel dropping to zero at r = h . The kernel has the im-
portant property of being normalized to 1.
Each particle has an associated mass mi and one can ap-
proximate the volume of the kernel occupied by the particle as
d3r = mi/ρi. Discretising Eq. 5 and using the ’gather approach’,
one may approximate the smoothed field with j neighbours as
Fs(ri)'
N
∑
j=1
m j
ρ j
FjW (|ri− r j|,hi) (7)
Thus, for the density field, F(r) = ρ(r) = ρi and F(r′) =
ρ(r′) = ρ j so that the SPH density for the ith particle is given by
ρi '
N
∑
j=1
m jW (|ri− r j|,hi) . (8)
To obtain an expression for the smoothed velocity field, sub-
stitute F(r) = vi into Eq. 7 for the ith particle to obtain
vs,i '
N
∑
j=1
m j
ρ j
v jW (|ri− r j|,hi) (9)
Continuing with our analysis of cosmic web classification, it
is noted in Eq. 3 that the shear tensor can be calculated using the
gradient of the velocity field. The SPD approach exploits a unique
property in calculating the velocity gradients; the spatial derivative
of a smoothed field results in the derivative only being applied to
the kernel, shown in Eq. 10, for which analytical solutions exist.
∂Fs(ri)
∂ri
'
N
∑
j=1
m j
ρ j
F(r j)
∂
∂ri
W (|ri− r j|,hi) (10)
where ∂/∂r = ∇. For a constant field Eq. 10 is generally non-
zero, however using the fact that ρ(∇v) =∇(ρv)+(∇ρ)v one may
obtain Eq. 11 for the velocity gradient which evaluates to zero for
constant velocity fields.
∂vs,i
∂ri
' 1
ρi
N
∑
j=1
m j(vi−v j) ∂∂ri W (|ri− r j|,hi) (11)
With the SPD techniques the velocity shear tensor can be
defined in terms of neighbouring particle quantities and kernel
derivatives. This Lagrangian representation allows one to resolve
and classify individual DM particles based on the properties of its
neighbouring particles. More generally, it can be applied to any
point set, for instance, below we will use DM halos as the basic
point set.
The smoothing length for the ith particle, hi, is determined as
the distance to the furthest of the n nearest neighbours (therefore
q ≤ 1 in Eq. 6). The smoothing length for a fixed neighbour num-
ber makes this quantity adaptive in the sense that high density en-
vironments will generate short smoothing lengths and low density
regions will cause long smoothing lengths. An adaptive smoothing
length reduces the sampling error for regions of varying density.
The variation of nearest neighbour number, n, allows one to ex-
plore the effect of the smoothing length on the classification of the
cosmic web, akin to variable grid sizes (Section 3.2).
Using a 3 dimensional cartesian coordinate system such that
α,β represent coordinates (x,y,z) and i, j as reference to particles
to avoid confusion, the α component of the velocity gradient in the
β direction for the ith particle can then be expressed as:
∂vαs,i
∂β
' 1
ρi
N
∑
j=1
m j(vαi −vαj )
∂
∂β
W (|ri− r j|,hi) . (12)
A k-d tree (Kennel 2004) is used to find the nearest neighbours
for each particle and the shear tensor is constructed using 16, 32 and
64 neighbours as in Eq. 3 by taking the spatial derivatives of the
relevant velocity components defined in terms of the SPD quantities
and the spatial derivatives of the cubic spline kernel interpolant in
Eq. 6 (see Appendix A).
3.4 Lagrangian Method Applied To Dark Matter Halos
To locate individual halos the Rockstar halo finder (Behroozi et al.
2013) is employed. Plugging in halo positions and velocities into
Eq. 12 allows one to construct the shear tensor based on the halo
sample. In the same manner as for simulation particles, each halo
can be classified using the velocity shear tensor (Hoffman et al.
2012). A 50kms−1 maximum circular velocity vmax cut-off is em-
ployed for the for halos. Using the Velocity-Luminosity relation,
this corresponds to a r-band cut-off of ∼ -13. This limit may ne-
glect some faint dwarf galaxies however the majority of spirals and
early type galaxies are well within this range (Trujillo-Gomez et al.
2011). Locating and classifying halos naturally skews the sampling
to the densest web types as halos are a biased tracer for the mass of
the cosmic web. Classifying individual halos using the halo-based
Lagrangian approach is computationally very cheap as halo cata-
logues are small relative to particle numbers. Finally, it can be an-
ticipated that a halo based classification approach can, with some
modifications, be applied to observed galaxy samples.
3.5 Hubble Flow
An aspect intrinsically difficult to accommodate in the grid based
approach is the inclusion of the Hubble flow. Cosmological N-body
simulations utilise comoving coordinates thus the velocities of the
simulation particles only reflect peculiar motion. As a consequence,
virialised halos which are expected to show a mean radial velocity
equal to zero always show a mean inward motion proportional to
the radius. In other words, virialised halos shrink if only peculiar
velocities are considered. This spurious effect can be easily cor-
rected for by adding the radially outwards pointing Hubble flow,
∝ Hd, with respect to an arbitrary centre (naturally the position of
the central object).
The local nature of the Lagrangian approach effortlessly per-
mits the inclusion of the Hubble flow between a given particle and
its neighbours. Incorporating the Hubble flow naturally counteracts
the artificial contraction between particles which may explain why
λ th has to be set to some arbitrary value greater than zero when
failing to account for the radially outward flow. Doing so, using
λ th = 0, leads to very similar results when compared to classifica-
tion without the inclusion of the Hubble flow and setting λ th > 0.
This allows for a straight forward interpretation of the eigenvalues
as now negative eigenvalues correspond to expansion and positive
eigenvalues indicate contraction along a specific eigenvector.
MNRAS 000, 1–11 (2015)
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Figure 3. A slice 0.5h−1Mpc thick showing the DM distribution (top), con-
tours indicate regions containing the upper 95th (yellow) and upper 68th
percentile (blue) of the density distribution. The Mesh-based classification
using λ th = 0.44 is shown in the middle sub-figure and the Lagrangian clas-
sifier including Hubble flow using λ th = 0.0 is shown in the bottom sub-
figure. Voids, sheets, filaments and nodes are represented by the blue, cyan,
yellow and red dots respectively.
Table 1. Volume and Mass Filling Fractions: Mesh Based Method Using
λ = 0.44
Mesh Voids Sheets Filaments Nodes
Vf f 1283 67.80% 26.27% 5.40% 0.53%
2563 67.46% 27.28% 4.87% 0.39%
5123 68.93% 26.81% 4.02% 0.24%
M f 1283 17.88% 31.96% 34.28% 15.88%
2563 13.80% 36.28% 38.18% 11.74%
5123 12.47% 40.63% 38.73% 8.17%
4 RESULTS
In this section we fist discus the results obtained with the grid based
method. This serves as benchmark model which is to be compared
with the literature on the one side and with the results based on
the SPD method on the other side. Subsequently, the SPD method
is applied to the simulation particle distribution and the halo sam-
ple. Finally, the results effected by the Hubble flow correction are
discussed.
4.1 Grid Based Method
The normalised distribution of eigenvalues for the grid based ve-
locity shear tensor can be found in Fig. 1 (top), using various
grid sizes. The distributions are consistent with the results found in
Libeskind et al. (2012b), following an approximate log-normal dis-
tribution. PDFs for the 1283 and 2563 grids display the character-
istic peaks (widths) increasing (decreasing) from λ1 → λ3. Wider
widths in λ1 relative to λ3 suggest there is more variation in the
strength of expansion (collapse) along the corresponding eigenvec-
tor.
A finer grid increases the proportion of λ3 eigenvalues found
in the lower limit of the range, evident in the decreasing peaks.
Distribution peaks for λ2 steadily rise for a finer grid, the PDFs for
λ1 are relatively unchanged. The effects of constraining or relaxing
expansion (collapse) through varying grid size is purely numerical.
Volume filling fractions (V f f ) and mass fractions (M f ) for
the various grid sizes can be found in Table 1. The fractions are
in agreement with current literature (Hoffman et al. 2012; Metuki
et al. 2014) and show voids occupy the largest volume of the cos-
mic web followed by sheets, filaments and nodes. Filaments and
sheets are shown to be the most massive web types with nodes and
voids making up the balance.
A finer grid results in lower mass fractions for voids and
nodes. This may be explained by the fact that a higher spatial res-
olution tends to “de-homogenise” the eigenvalues, i.e. if all three
eigenvalues are above (below) the threshold for a cell at low resolu-
tion then the fine structure within the cell resolved by the finer grid
causes one or two eigenvalues to shift below (above) the threshold
within the new cells transforming voids or nodes into sheets and fil-
aments. This would naturally account for the behaviour of the mass
fractions of sheets and filaments which are observed to increase
with grid size. The volume filling fractions are relatively consistent
for all grid sizes. We use the results based on the 2563 grid as the
benchmark.
4.2 Dark Matter Particles: Lagrangian Method
Fig. 1 (middle) shows the distribution of eigenvalues for the La-
grangian approach for all 10243 DM particles neglecting the Hub-
MNRAS 000, 1–11 (2015)
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Figure 4. Left: The normalised PDFs for halo eigenvalues using 32 neighbours without Hubble flow. Colour codes and line styles are defined as in Fig.
1. Right: PDFs for halo eigenvalues taking into account the Hubble flow for 32 neighbours. Including the Hubble flow reverses the statistical properties
previously observed, a more varied strength of expansion (collapse) is seen along the respective eigenvectors moving from λ1→ λ3.
ble flow. The normalised distributions obey similar statistical prop-
erties as the PDFs for the grid based method with a log-normal
representation and the same eigenvalue width dependency. One
observes a similarity between the distributions of finer grids and
smaller neighbour numbers; a low neighbour number requirement
enforces shorter smoothing lengths, a smoothing scale that is com-
parable with a very fine grid. Conversely, a coarser grid is a result
of a larger smoothing scale, or more neighbours.
Comparing the grid-based eigenvalues with the Lagrangian
based eigenvalues excluding Hubble flow, one notes that the peaks
for the SPD formulated eigenvalues are shifted slightly towards
larger values when compared to their grid based counterparts for
any neighbour number or grid size. The SPD-based PDFs tend to
have more extended tails with a larger proportion of eigenvalues
with absolute values |λi|  1.
SPD results based on 16 neighbours need to be treated with
caution due to the low number statistics. Even if the overall trends
are similar to the grid based approach, we mainly use the 16 neigh-
bour PDFs to explore the impact of small neighbour numbers on
the eigenvalue distribution. The 16 nearest neighbour results are
not discussed further.
Using 64 neighbours leads to a spurious behaviour for the
PDFs, which is most obvious for the λ2 eigenvalue distribution and
is evident by a bump around zero. The effect is even more pro-
nounced in Fig. 1 (bottom right) using 64 neighbours incorporating
the Hubble flow. This is believed to be a non-physical artefact as a
result of known integral interpolant errors, O(h2), associated with
larger smoothing lengths due to larger neighbour numbers (Mon-
aghan 2005).
The Lagrangian method, without Hubble flow, using 32 neigh-
bours produces eigenvalue distributions and mass fraction statistics,
seen in Table 2, that best match current literature (Hoffman et al.
2012; Cautun et al. 2012; Libeskind et al. 2012b; Metuki et al.
2014). PDFs for 32 neighbours display the properties of decreas-
ing peaks and increasing widths for λ3 → λ1 which can also be
observed in the benchmark grid based PDFs. In addition to this, the
choice of 32 particles is a standard number of neighbours in SPH
Table 2. Mass Fractions: SPH Particle Method With & Without Hubble
Flow Comparing λ th = 0.44 & λ th = 0.0 for 32 neighbours
Without Hubble flow Voids Sheets Filaments Nodes
λ th = 0.44 10.62% 50.70% 37.53% 1.15%
λ th = 0.0 2.92% 51.36% 44.31% 1.42%
With Hubble flow Voids Sheets Filaments Nodes
λ th = 0.44 14.77% 49.50% 34.70% 1.04%
λ th = 0.0 10.61% 50.81% 37.50% 1.13%
simulations. For this reason, the SPD halo analysis will resume us-
ing 32 neighbours as the benchmark.
Fig. 1 (bottom) shows the normalised eigenvalue PDFs for the
Lagrangian method taking into account the Hubble flow. The ex-
pansion (collapse) is again more relaxed relative to the grid based
approach, exhibiting more pronounced tails and a larger range.
Other statistical properties, such as log-normality and decreasing
widths still hold, however, these features are far less obvious. One
may observe an approximate symmetry using 32 and 64 neighbours
whereby λ3 is a negative reflection of λ1 around λi ∼ −0.5. Libe-
skind et al. (2012b) suggests this relation would imply expansion
and collapse are equivalent processes but in opposite directions.
The mass fraction for each web type is shown in Table 2
with and without Hubble flow using λ th = 0.44 and λ th = 0.0. Us-
ing λ th = 0.44 without Hubble flow results in mass fractions for
voids and filaments that are similar to those for the grid classifi-
cation however sheets occupy a larger proportion of the total mass
within the cosmic web while nodes are responsible for a very small
amount of the web mass. The low node fractions for all SPD clas-
sifications may be attributed to the fact that for a given particle,
collapse along all 3 axes is quite difficult to achieve. Each particle
experiences a range of tidal forces, due to its neighbouring particle
distribution, which in turn will mitigate a complete gravitational
collapse inward. Mesh-based approaches do not suffer from this
problem as particles are enclosed in individual cells and the CIC
MNRAS 000, 1–11 (2015)
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interpolation smooths out the gravitational tidal forces to a large
degree.
Accounting for the Hubble flow naturally introduces an ex-
pansion in all directions, increasing void classifications at any given
threshold. Using λ th = 0.0 with Hubble flow produces almost iden-
tical mass fractions to λ th = 0.44 without Hubble flow, validating
the inclusion of the Hubble flow in the classification calculation.
This also explains why it is necessary to introduce a threshold value
greater than zero in the grid based approach.
The top panels of Fig. 2 show the number fraction, N f , for
web types as a function of the threshold value λ th. On the left we
find the results without Hubble flow. On the right panel, the Hubble
flow is added, i.e. each neighbour particle is attributed with an addi-
tional radial velocity according to the Hubble law before the shear
tensor is computed. The number fraction curves with and without
Hubble flow are almost identical, except that inclusion of the Hub-
ble flow requires a shift of the threshold value towards the left by
approximately 0.44. This value roughly corresponds to the thresh-
old value employed for the grid approach. Consequently, the curves
show very similar number fractions when a threshold values of 0.44
and 0 are used for the data without and with Hubble flow, respec-
tively.
The bottom panels of Fig. 2 show the same curves for the halo
sample. Details will be explored further in Section 4.3. Here we
only remark that the shapes of curves without (left) and with (right)
the Hubble flow are very similar if shifted by ∼ −0.44, exactly as
observed for the particle sample.
Volume filling fractions are not straightforwardly extractable
using the Lagrangian method as one does not classify the entire
cosmological volume composed of individual cells but rather indi-
vidual particles, which does not allow for a trivial summation of the
volume.
The top panel of Fig. 3 shows the DM distribution within a
slice of 0.5h−1Mpc thickness projected along the z axis onto the x-
y plane. The filamentary web structure is obvious and the regions of
varying density are clearly identifiable. The yellow and blue con-
tours enclose the regions where the density values are above the
95th and 68th percentile respectively. That is, the top 5% and top
32% of the density are within these contours. Yellow contours en-
close the densest regions of the slice where many particles have col-
lapsed forming very dark patches. Less dense elongated filaments
are captured by the blue contours forming the web like structure in
the space between the over-dense regions.
The middle and bottom panels of Fig. 3 display the same slice
classifying each particle using a 2563 grid based method (mid-
dle) and 32 neighbours Lagrangian method with Hubble flow (bot-
tom), using λ th = 0.44 and λ th = 0.0, respectively. The SPD-based
classification scheme (bottom) resolves more details, for example
many more small DM particles within the filaments are identified as
nodes. The very same particles are classified as filaments or sheets
by the grid based approach. This result is due to the adaptive na-
ture of the SPD approach. Despite the larger number of classified
nodes depicted here, the mass fraction for nodes derived from the
Lagrangian method is lower compared to the grid based approach.
Comparing top and bottom panels, it becomes clear that the
majority of nodes are associated with the highest density regions.
These are contained within the upper 95th percentile of the density
distribution and are enclosed by the yellow contours. Most of the
web mass in the filaments and sheets is then captured within the
blue contours leaving only the under-dense voids.
Figure 5. Maximum circular velocity as a function of web type for nodes
(blue dashed-dot-dot), filaments (green dashed), sheets (red dashed-dot) and
voids (dotted magenta). The computation of the shear tensor was based on
the 32 nearest neighbour halos with the Hubble flow added to the halo
velocities. For the separation of the eigenvalues (collapsing/expanding) a
threshold value of 0.0 was implemented. The velocity function for voids is
very steep indicating that there are no high velocity halos in voids. On the
other hand, the node velocity function is quite flat allowing for the highest
circular velocity halos to be classified as node halos.
Figure 6. A 5 h−1Mpc slice showing the classified halos using 32 neighbour
halos accounting for the Hubble flow. The size of the markers are scaled
according to the vmax of each halo. Larger halos are generally classified as
residing in a denser web type, the smallest halos classified as void halos and
the largest as filament and node halos.
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Table 3. SPH Halo Number Fractions (N f ) Using 32 Neighbours With &
Without Hubble Flow Comparing λ th = 0.0 & λ th = 0.44
Without Hubble flow Voids Sheets Filaments Nodes
λ th = 0.44 40.25% 43.96% 15.37% 0.41%
λ th = 0.0 0.82% 35.04% 59.03% 5.01%
With Hubble flow Voids Sheets Filaments Nodes
λ th = 0.44 58.52% 31.76% 9.52% 0.20%
λ th = 0.0 31.31% 46.50% 21.44% 0.74%
4.3 Lagrangian Application to Halos
The goal of the cosmic web classification discussed above is to de-
termine the environment that the galaxies inhabit. This allows one
to investigate the impact of the environment on galaxy evolution
which is crucial to understanding the diversity of galaxy popula-
tions. Galaxies are thought to be hosted by dark matter halos. Thus,
once the web classification (independent of whether grid or particle
based) is completed the various web types have to be assigned to
DM halos (i.e., galaxies). This is accomplished with interpolation
schemes which allow for the transition between the grid or particle
distributions to halo locations.
Alternatively, the Lagrangian method introduced above can be
directly applied to the halo sample, i.e. the velocity shear tensor and
its eigenvalues can be computed for an individual halo by utilising
the positions and velocities of its nearest neighbour halos. For the
subsequent analysis, the velocity shear tensor was computed based
on the 32 nearest neighbour halos.
The two bottom panels of Fig. 2 show the fraction of halos
belonging to a particular web type as a function of the threshold
value λ th. The bottom left panel of Fig. 2 displays the halo classifi-
cation without Hubble flow; nodes and filaments are monotonically
decreasing with nodes making up a very small percentage as λ th in-
creases. Voids are under-represented at low threshold values. Sheet
fractions initially rise when moving to a higher threshold value but
begin to decrease after λ th & 0.15.
The addition of the Hubble flow in the bottom right panel of
Fig. 2 does not drastically change the shape of the number fraction
curves for different web types but seems to just shift the curves
leftward. Observe the similarity of the curves to the right of the
given threshold values (black vertical line) with and without Hub-
ble flow. The threshold values at λ th = 0.44 without Hubble flow
and λ th = 0.0 with Hubble flow offer very similar number fractions
which is further confirmed in Table 3. As already discussed for the
particle based classification scheme, one is compelled to conclude
that the determination of λ th = 0.44 by visual inspection (Hoffman
et al. 2012) can be understood as an effective quantity accommo-
dating for the Hubble flow lacking in the grid based method.
The halo eigenvalue PDFs are presented in Fig. 4 both with
and without Hubble flow. The left panel of Fig. 4 neglects the Hub-
ble flow. The results are in agreement with both the grid-based as
well as the SPD particle based distributions in Fig. 1 (top & mid-
dle), obeying similar statistical properties. Including the Hubble
flow produces the distributions displayed in the right panel of Fig.
4). These curves exhibit a reversal of properties, the widths are in-
creasing and peaks are decreasing moving from λ1→ λ3. Although
the method is still SPD based, the wide tails seen in the particle dis-
tributions of Fig. 1 (middle & bottom) have vanished. This has the
effect of constraining the strength of expansion (collapse) in the
halo based regime.
Maximum circular velocity, vmax, is a measure of the gravita-
tional potential well for each halo and serves as a proxy for galaxy
luminosity. Fig. 5 shows the maximum circular velocity function
for the different web types. Halos classified as nodes are higher
density web types and as such make up the majority of high vmax
halos extending to ∼ 1200kms−1. Under-dense web types such as
voids are associated with lower vmax values . 450kms−1. The ma-
jority of halos between 400 kms−1 and 1000 kms−1 are classified
as filaments which are followed by sheets. We observe a correlation
between web type and vmax using the SPD approach similar to the
mass - web type relation found in Hahn et al. (2007b); Cautun et al.
(2012); Metuki et al. (2014).
Fig. 6 shows a 5 h−1Mpc slice of the halos classified using
the SPD approach with Hubble flow and λ th = 0.0. The halo size
is plotted proportional to the maximum circular velocity. The ap-
parent structure further supports the vmax - web type correlation.
Voids are generally relatively small circles increasing for sheets,
filaments and nodes respectively. Fig. 6 establishes the success of
the Lagrangian, halo based, web classification approach. It is an
effective way to determine the environment within which halos re-
side.
5 CONCLUSIONS
Galaxy formation and evolution is a poorly understood topic and
classifying the cosmic web serves as a crucial step in the analysis
of the galaxy-environment relationship. Existing methods of cos-
mic web classification have used Eulerian, grid based, techniques
to classify the cosmic web using a visually defined threshold value.
Here we have proposed a new Lagrangian, SPD-based,
method for the classification of the cosmic web. The SPD approach
offers an alternative numerical method for classifying the cosmic
web that benefits from the SPH implementation used to define par-
ticle quantities. The SPD-based classifier draws on the local prop-
erties of the underlying discretised density and velocity field to cal-
culate the shearing rate of a fluid in the kernel volume for a given
particle or halo.
The variable smoothing length allows for greater adaptivity,
as is evident by the methods’ ability to resolve and classify smaller
substructure compared to grid based methods. This capability may
be an advantage or disadvantage, depending on the problem envis-
aged.
Our analysis set out to reproduce results obtained with the
Eulerian approach as a benchmark. Good agreement between
(particle-based) Eulerian and Lagrangian classification schemes
is demonstrated. The distribution of eigenvalues for the Eulerian
approach and the Lagrangian approach possess similar statistical
properties. The mass and number classification fractions in the SPD
approach are underestimated for nodes but are otherwise very sim-
ilar for the remaining web types. The lack of node classifications
may be due to the nature of the SPD approach as it captures tidal
forces that may prevent a complete collapse along all 3 eigenvec-
tors.
The Lagrangian representation classifies individual DM parti-
cles according to the properties of the nearby particle neighbour-
hood and allows for an easy inclusion of the Hubble flow between
neighbouring particles or halos. The addition of the Hubble flow re-
moves the need for an arbitrary threshold value and sets the thresh-
old value to zero irrespective of simulation parameters.
Classifying the cosmic web using the new SPD scheme is ide-
ally suited to studying galactic properties as galaxies and the halos
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in which they reside are a function of the external environment and
trace the densest regions of the DM phase space. Directly applying
the new technique to the halo sample yields good agreement with
halo classifications based on the interpolation of the particle-based
Eulerian approach. High maximum circular velocity halos are more
likely to be classified as a denser web type. Halos in high density
regions, classified as nodes and filaments, exhibit large vmax val-
ues whilst under-dense regions such as voids are typically endowed
with much smaller vmax values.
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APPENDIX A: SPD-BASED SHEAR TENSOR
The expression for the velocity shear tensor can be derived by
rewriting the deformation tensor ∂vα/∂ rβ as
∂vα
∂ rβ
=
∂vα
∂ rβ
+
1
2
∂vβ
∂ rα
− 1
2
∂vβ
∂ rα
=
1
2
(
∂vα
∂ rβ
+
∂vβ
∂ rα
)+
1
2
(
∂vα
∂ rβ
− ∂vβ
∂ rα
) (A1)
Where α,β = x,y,z. The first, symmetric part is used to define the
velocity shear tensor scaled by the Hubble factor as
Σαβ =−
1
2H0
(
∂vα
∂ rβ
+
∂vβ
∂ rα
)
(A2)
For a smoothed field using the SPH approach, we have for the ith
particle and j neighbours, r is the position vectors so that
Fs(ri)'
N
∑
j=1
m j
ρ j
FjW (|ri− r j|,hi) (A3)
where h = hi for the ‘gather’ method and h = h j for the ‘scatter’
method. For the smoothed velocity field
vi '
N
∑
j=1
m j
ρ j
v jW (|ri− r j|,h) , (A4)
the velocity can also expressed as in Eq. 11 using ∇(ρv)i =
ρi(∇vi)+vi(∇ρi). Applying the gradients, the derivatives only act
on the kernel so that
∇(ρiv)'
N
∑
j=1
m jv j∇W (|~ri−~r j|,h) (A5)
here we use the fact that ρi = ∑Nj=1 m jW (|~ri −~r j|,h). Applying
the gradient yields ∇ρi = ∑Nj=1 m j∇W (|~ri −~r j|,h). By rearrang-
ing terms in the chain rule equation and substituting the gradient
and divergence terms into the equation and solving for (∇~v)i one
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obtains
∇vi ' 1ρi
[
N
∑
j=1
m jv j∇W (|ri− r j|,h)− vi
N
∑
j=1
m j∇W (|ri− r j|,h)
]
≈ 1
ρi
N
∑
j=1
m j(v j− vi)∇W (|ri− r j|,h) (A6)
The partial derivatives of one component, say the x-component of
the ith particle vx,i, of the velocity is given by :
∂vx,i
∂xi
=
1
ρi
N
∑
j=1
m j(vx, j− vx,i) ∂∂xi W (|r j− ri|,h) (A7a)
Since the kernel is evaluated using W (|ri− rj|,h), we let r = |ri−
r j|=
√
(xi− x j)2 +(yi− y j)2 +(zi− z j)2 and q = r/h, then for the
x component we have the partial derivatives of the kernel function
given by the following expressions. The y and z components follow
accordingly. First we note that
∂W (r,h)
∂x
=
∂W (r,h)
∂ r
∂ r
∂x
(A8a)
So we may evaluate Eq. A7 using Eq. A8a to obtain
∂
∂xi
W (|~ri−~r j|,h) =

8
pih5 (18q−12)(xi− x j) 0≤ q≤ 12
− 8pih5 6q (1−q)2(xi− x j) 12 < q≤ 1
0 Otherwise
(A9a)
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